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WEIGHTED JOIN-SEMILATTICES AND TRANSVERSAL MATROIDS
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RICHARD A. BRUALDI(l)

ABSTRACT. We investigate join-semilattices in which each element is

assigned a nonnegative weight in a strictly increasing way.  A join-subsemi-

lattice of a Boolean lattice is weighted by cardinality, and we give a char-

acterization of these in terms of the notion of a spread.   The collection of

flats with no coloops (isthmuses) of a matroid or pregeometry, partially

ordered by set-theoretic inclusion, forms a join-semilattice which is weighted

by rank.   For transversal matroids these join-semilattices are isomorphic to

join-subsemilattices of Boolean lattices.   Using a previously obtained char-

acterization of transversal matroids and results on weighted join-semilattices,

we obtain another characterization of transversal matroids.   The problem of

constructing a transversal matroid whose join-semilattice of flats is isomorphic

to a given join-subsemilattice of a Boolean lattice is then investigated.

1. Introduction. We are motivated by a recent study [3] of transversal matroids

in which a characterization of transversal matroids is given in terms of the join-

semilattice of flats with no coloops (isthmuses).   The characterization depends

on an algorithm used to construct a family of flats.  We consider here the more

general situation of a join-semilattice / in which each element has assigned to

it a nonnegative weight where the only assumption is that weight is a strictly

increasing function on /.  We introduce the concept of a spread for such a weighted

join-semilattice, show a spread is unique if it exists at all, and give a char-

acterization of join-semilattices of a finite Boolean lattice which are weighted

by cardinality.   Making use of the characterization of transversal matroids given

in [3], we then give an alternate characterization which has the advantage of not

depending on an algorithm.   Finally we consider the problem of constructing a

transversal matroid such that its weighted join-semilattice of flats with no coloops

is isomorphic to a given join-subsemilattice of a Boolean lattice.

A family of objects differs from a set in that the objects may be repeated.

We use parentheses ( ) to denote families and braces Í ! to denote sets.   If E is a
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set and  21 = (a .: » e 7) is a family of elements of E, then for x € E we define the

multiplicity of x in 21 by

m(2I, x)=|ize7:a¿ = x!|.

This multiplicity may be 0.    It 21 , 21    are two families of elements of E, we

write ?Ij < %■ 2 provided m(?I, x) < 77z(2I2> x) for all x £ E.  We consider two

families to be identical if  772(21 , x) = 77z(2I2, x) for all x £ E.   The cardinality

||2I|| of a family 21 is defined by l|2X|| = |/|.

2. Weighted join-semilattices. A join-semilattice is a partially ordered set /

such that each pair a, b of elements of / has a least upper bound, which is denoted

by a V b.  A nonempty collection of subsets of a set E which is closed under

union is a join-semilattice; the partial order is set-theoretic inclusion.  Such a

join-semilattice is a join-subsemilattice of the Boolean lattice BÍE) of all sub-

sets of E.  A finite join-semilattice has a maximal element which we usually

denote by 1; it need not have a minimal element but, if it does, it is usually de-

noted by 0.   It is well known that a finite join-semilattice with a minimal element

is a lattice [l].

If P is a partially ordered set, then a mapping co from P to the nonnegative

integers is a weighting of P if a < b implies eo(a)< coib) ia, b £ P).  A weighting

of P need not be a grading [l ] of P, for we do not assume that coib) = coia) + 1 if

b covers a.   If E is a set and P is a collection of subsets of E partially ordered

by set-theoretic inclusion, then o»(A) = |A| defines a weighting of P.   A partially

ordered set with a specific weighting is called a weighted partially ordered set.

Let P be a weighted partially ordered set with a maximal element 1 and set

<y(l)= r.  Thus any chain has length at most r.  A spread of P is a family 21 =

(a.: z e /) of elements of P such that the following condition holds: if x e P with

tu(x) = r - k Í0<k<r), then

(2.0.1) \{i£l:ai>x]\=k.

In other words, exactly k members of 21 are greater than or equal to x if <a(x) =

r - k.   UP has a minimal element 0, then clearly the cardinality ||2I|| of the

spread 21 equals r - tu(0).  Thus if û)(0) = 0, a spread of P has exactly r = 6>(1)

elements.   The notion of a spread arose in a characterization of transversal

matroids [3], which will be fully explained in due course.

Theorem 2.1.  If the weighted partially ordered set P with maximal element

has a spread, the spread is unique.

Proof. Suppose 21 is a spread of P, and let coil ) = r.   Let a £ P with <u(a) =

r - k.  Then from (2.0.1) we conclude that the multiplicity of a in 21 is given by
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(2.1.1) ttz(«, a) = k- X i»(K,x).
x>a

This implies, in particular, that 1x>am(U, x)< k.  The equation (2.1.1)along

with ttz(2I, 1) = 0 furnishes a recursion formula for the multiplicities of elements

of P in 21.   Since these multiplicities are uniquely determined, so is the spread

21.

The proof of Theorem 2.1 gives an algorithm for determining a spread if one

exists.   If there is no spread, then there is some element a of P with a>(a) = r — k

such that \>ami^* x)>k.

The next theorem furnishes examples of weighted partially ordered sets which

have spreads.   Theorem 2.3 will then show that these examples are not very

special.

Theorem 2.2. Let ] be a join-subsemilattice of the Boolean lattice on a set

E with |F| = r. Suppose E is the maximal element of J, and let } be weighted by

the cardinality function.   Then

(2.2.1) / has a spread 21, and ||2I|| = r- |f| \A: A e J\\.

(2.2.2) m(U, A) = \(C\X: A ÇX e j\ -\A\      iAej).

Proof. The assumption that F is the maximal element of / is one of con-

venience.   If this were not the case, F would be replaced by a smaller set.

Let A e J with \A\ = r - k.   We need to show that   ttz(2I, A) = k -

2. <-Xe . m(2I, X)and ttz(2I, F)= 0 allows us to define 21 recursively.   This is

surely ttue for k = 0 (that is, A = F).  We proceed by induction on k.   Let A e J

with  \A\ = r - k.   Let X., •• •, X. be the members of / which strictly contain A.

Thus  |X.| =r - k. where k. < k (1 < i < t).  Since / is a join-semilattice, X. U

• • • U X.   e ] whenever 1 < z, < • • • < i   < t; let  |X. U  • • • UX. I = r - k.
i —1 s —   ' '   i, i   i i,... i
s _ 1 sis

where k. .   < k.  Thus by induction the recursion has produced k.        •    mem-

bets of 21 that contain X.  U ••■ UX. .  Hence by the principle of inclusion-
'l s

exclusion exactly

tz =    ¿Z   k.- ¿J      k.   .   + 2-f k.   .   .
...... 'i '■> z. z,z,
lSiSt lSîj<i2st      »  ¿      1stj<i2<z,Sí      12 5

members of 21 that strictly contain A have been produced.   But
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Z |e\x,.| -     L    |e\(x. u x. )|

Z       |e\(x   u x   u x )| -
'l '2 li

l<ij<I2<7,S<

U (e\x) e\h xt
7=1

nx.
7 = 1

Since A C X. (1 < i < t), A C f)'   , X. so that If)'   , X. | > r - ¿ and tz < r -
—        Z —       —        ' — 7=1        l "    'Z=l       I      — —

(r - k) = k.   Thus we can define ttz(2I, A) by k - n > 0.   But & - 72 = k -

(r-in.= iX¿l)=in. = 1^¿|-fr-«=ID*=1X.|-|A|.   Thus we have proved

that / has a spread and that (2.2.2) is satisfied.

We have yet to prove that  ||2I|| = r - |OiÂ: A e /}|.  This is surely true if

0 £ J.   If 0 4 J, then /   = / U 10! is a join-subsemilattice of the Boolean lat-

tice on E and has a spread 21   where ||2I   || = r.  But

||2I|| = ||2I*|| - 772(0*, <p) = r-\(ClX:Xej\

according to (2.2.2), and this establishes the formula for  ||2I||.

Corollary 2.3.  If 21 = (A .: i £ I) is the spread of the join-subsemilattice J

of the Boolean lattice on E, then for A £ J,

(2.3.1) (C\X:A £Xe/)=(riA.: A£A., i£l).

Proof. The set on the right side of (2.3.1) surely contains that on the left.

Suppose now that A £ X £ J but X 4 A . ii £ I).   Then arguing by induction

(|X| > |A|), and using (2.2.2) we conclude that

X = (f) Y, X g y e/) = (PIA .: X £ A{, i£l).

Thus if A 5 X e /, then either X = A . for some i £ I   or else there is / C 7

such that X = C\ieJA..  Since A C¡ X, A £ A . (z £ J) and this establishes (2.3.1).

Consider the join-semilattice / of Theorem 2.2 and its spread 21 =

(A.: i £ I).   Let A £ J and let 21^  be the subfamily of 21 consisting of all mem-

bers A   of 21 with A C A ..   21^  is the spread of the interval [A, E] of /.  Then

for A, B e /, A Ç B if and only if 21B < 21^.   For if A Ç B, then surely 2Ifi < 21^.

On the other hand if 2Iß < 21^, then B £ 2IS implies B £ 21^ so that AÇB,

while B ¿2Iß implies B y 21 (i.e. 772(21, B)= 0), which by (2.2.2) and (2.3.1)

implies
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B = HU,: A. eUB) 2 (\Uf A.e\) DA._

Thus A C B.   Hence the partial order of / is determined by the partial order on

the KA  (A e ]).

If J j and J 2 ate two join-semilattices, an injection a: J x —» J2 is a semi-

lattice monomorphism if o(a V A)= o(a) \l o(b) for all a, A £ F.   We shall be

interested now in weighted semilattices which are isomorphic where the isomor-

phism preserves weights.

Theorem 2.4. Let ] be a weighted join-semilattice with co(l) = r. Let E be

a set with \E\ - r. Then there is a semilattice monomorphism a: } —► B(E), the

Boolean lattice on E, such that <ù(a) = \o(a)\ for all a e J if and only if ] has a

spread of at most r elements.

Proof. By Theorem 2.2 if such a a exists, / has a spread with at most r ele-

ments.  Suppose now / has a spread 21 = (a.: i £ I) with ||2I|| = |/| < r.   For a e J,

let I  - U € I: a. > a\.   Thus if co(a) = r - k, \1 \ = k.  We define a map r: / —>

B(/)byr(a)=/\ía.  Thus for a, A e ], r(a V b) = ¡\¡ayb.   But ¡ayb = ¡a n /fc;

for if a. > a V A, then a. > a, b so that /  .., C /   D /, while if a. e /   n /,, then
z— ' i—    ' ayb —   ab tab

a . > a, A and thus a. > a \/ b so that I   O /, C / ....   This means that
l—    * i — a        b—   ayb

ria V A) = /\(/B n lA = (/\/a) U (/\/¿) = ria) U Kè).

Suppose that for some a, b e J with a ¡¿ A, we have r(a) = r(A).  We may suppose

that ¿^flso that a V b > a.  Then, by the above, r(a V A) = r(a) U r(A) = r(a).

Thus F w, = / .   But since &>(a V A) > w(a),  1/       I < 1/ I, and we have a con-
a \¡ b        a ' a y b a

tradiction.   Thus r is a semilattice monomorphism from / to B(l).   We calculate

that for  a e ]

\r(a)\ = |/| - |/J = |/| - (r - ojia)) = <u(a) - (r - |/|),

where r - \l\ > 0.   Let í = r - |/| and  let /*be a r element set with / n/*=0.

Then |/ U ¡*\=r and a: / —> B(/ U /*) defined by o(a) = r(a) U /* is a semi-

lattice isomorphism with |o-(a)| = |r(a)| + t = <u(a).  This completes the proof of

the theorem.

3. Application to transversal matroids. A characterization of transversal

matroids is given by Brualdi and Dinolt [3].  We shall use the result of §2 to

give an alternate formulation of it.   But first we review briefly matroids, in

general, and transversal matroids, in particular; for further details we tefer the

reader to [3] and the references contained within.

Let F be a finite set.   A matroid [5] M on F (or combinatorial pregeometry

[4]) is a nonempty collection of subsets of E, called independent sets such that
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(i) a subset of an independent set is independent (thus 0 e M) (ii) A j, A    e M

with |Aj| < |A2| imply Aj u ix| e M for some x e A2\Aj.  Each subset X of F

has a well-defined rank p(X) which equals the common cardinality of all maximal

independent sets contained in X.   The rank of the matroid M equals p(F).  For

X C E, Mx = \A: A e M, A C X| is a matroid, called the restriction of M to A.  A

closure relation can be defined on the subsets of E by defining X to be the largest

subset of F containing X which has the same rank as X.   Those subsets F of F

with F = F are called flats.   The collection £(M) of flats of M, partially ordered

by set-theoretic inclusion, form a geometric lattice [4].   If XCE, then x e X is

a coloop or isthmus of X if p(x\¡x¡) = p(X) - 1.   The collection ÍF(M) of flats of

M which have no coloops forms a join-subsemilattice of £(M).   Given a pair Fj,

F2 of flats in ?(M) with Fj C F    such that no other flat of 7(M) lies between

Fj and F2, then the interval [Fj, F A of S.(M) consists of all sets of the form

Fj U A where A C F2\Fj, \A\ < p(F2)~ p(Fx)- 1, along with Fr   Thus the

flats of ?(M), given as subsets of E with their rank, determine all flats of £(M)

as sets and thus the partial order of °C(M); that is, they determine the lattice

£(M).
A matroid M on F is a transversal matroid provided thete is a family (A.,

• • •, A ) of subsets of F such that M = M(A , — , A ), the collection of partial

transversals of (A j, — , A ). If Mis a transversal matroid of rank r, then there

are r sets A j, • • •, A such that M = M(A , • • ■, Af). The family (A • • •, Ar) is

called a presentation of M. We recall Hall's theorem which says that the family

(A., — , A ) has a transversal (thus a system of distinct representatives) if and

only if

IM,
ieK

>\K\      (KÇJ1, ...,rD.

Now let M be an arbitrary matroid of rank r on the finite set F.   We regard

the join-semilattice J(M) as a weighted join-semilattice by letting a(F) = p(F)

foi F e ?(M).  The unique flat in ^(M) of weight 0 is the closure of the empty

set.   In the terminology of §2 the characterization of transversal matroids given

in [3] is the following: M is a transversal matroid if and only if j (M) has a

spread (Fj, •••, Fj where piC\ieKF.)< r - \K\ (K C Í1, • • -, r\).   It is also

proved in [3] that if M is a transversal matroid, then M = M(E\Fj, ■ ■ •, E\Ft);

indeed (f\Fj, • • •, E\F ) is the maximal presentation of M.   This means that

we cannot enlarge any of the sets F \F,, •• •, F\Fr and still have a presenta-

tion of M.   It is enough to know that the sets Fj, ■ • •, Ff have no coloops, in

order to conclude that (f\Fj, •-•, E\Fr) is the maximal presentation of M

([1] and [3]).
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If Gj, G2 ate flats in £(M)with Gj C G2, then ?(M)rG   G 1 denotes the

join-subsemilattice of ¿(M) consisting of all flats of ic(M) with no coloops which

lie in the interval [Gj, G2] of £(M).   Note that ?(M) = ?iM)t0 Ei, and that

^(M)[g   g ] is a join-subsemilattice of ^(M).  We regard $itA)rG  G i as weighted

by rank (or we could assign F £ ?(M)rG   G 1 the weight p(E)- piG A)).

Theorem 3.1.  Let M be a matroid of rank r on the finite set E.   Then M is a

transversal matroid if and only if for all G., G2 £ £(M) with G. C G2 the weighted

join-semilattice ?(M)rG   G 1 has a spread of at most piG )- piG ) members or,

equivalently, there is a weight-preserving join-semilattice isomorphism from

?(M)rG   G t to a Boolean lattice on an piG A) - PÍG.) element set.

Proof. By Theorem 2.4 the two criteria are equivalent.  Suppose first that M

is a transversal matroid of rank r.   Then ?(M) has a spread (F,,• • •, Ff).   Let

G £ ¿c(M) with piG) = r - k.   Then those members of (Fj, ■ • •, F ) which contain

G are the members of a spread of ?(M)rGEi.   Let this spread be (F, : k £ K)

where XC|l,---,ri. Since p iC\ic^F.)< r - \K\ and since G C fY^F. we

have piG) = r - k < pi C\ieK F¿), and we conclude that |X| < k.   Thus íF(M)rG Ei

has a spread of at most k members where k = piE) - piG).  Since M,-    is a trans-
2

versal matroid of rank  p(G2)on G2 and j(M)rG G ]  is isomorphic to

?(MG  )rG   G l, we conclude that ?(M)rG   G ] has a spread of at most piGA)-

piG.) members for any Gj, G2 £ £(M) with Gj C G2.

Suppose now M is a matroid of rank r such that for all G £ £(M), ^(M)^ E]

has a spread of at most r - piG) members.   Thus, in particular, j(M) has a spread

(F.,..«, F ) with r members.  Suppose for some  K C |l, • • -, r], pi C\ eKF.) > r -

\K\.   Let G = fi £lF■•  Then ?(M)rG£i has a spread with at most r- piG) mem-

bers.   But a spread of ^(Mirçgi consists of all members of the spread of ?(M)

which contain G; thus F. (»' £ K) ate members of the spread of 3"(M)rGE].  We

conclude that |X| < r - piG) or piG) < r - |X|, and this is a contradiction.   Hence

piCiienF^-^r - \K\ (X C ¡1, • - >, r¡)and M is a transversal matroid.

We mention one application to an interesting class of matroids.   Let E be a

set and (X .: 1 < i < k] a collection of subsets of E such that (i) |X .| > r - 1  (1 < z < k)

and (ii) every r - 1 element subset of E is a subset of exactly one of Xj,-", Xfe.

Then [4] the set E, the X. (1 < i < k), and all subsets A of E with |A | < r - 2 are

the flats of a geometry (therefore matroid M) on E of rank r.  Such a geometry is

called a Hartmanis geometry [4].   In this case ?(M) consists of those X¿ with

|X.| > r (these are flats of rank r - 1), 0, and possibly E.   Thus ?(M) has a
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spread if and only if |/| < r where ] = \i: 1 < i < k, \X ] > r\.   The spread is then

(X.: i e ]) along with the 0 with the correct multiplicity to give r sets in total.

Theorem 3.2.  TAe Hartmanis geometry M is a transversal geometry if and

only if in¿e/X¿|<r-|/| (/Ç/, |/|>2).

If IÇJ, \l\ > 2, then p(nie/X.)= 10^^,1-

4. Construction of transversal matroids.  Let M be a transversal matroid of

rank r on a finite set E, and let J(M) be the join-semilattice of flats with no

coloops, weighted by rank.  Then we know there is a join-subsemilattice / of the

Boolean lattice on an r element set such that J(M)and / are isomorphic as

weighted join-semilattices.  Since j(M) has a minimal element q>, ?(M) is a

lattice.   (Note, however, i?(M) is not in general a sublattice of £(M); it is, how-

ever, a join-subsemilattice of <J-(M).) We consider the following question.  Sup-

pose / is a join-subsemilattice with minimal element of the Boolean lattice on an

r element set, weighted by cardinality.  Is there   a transversal matroid M of rank r

such that i?(M) and / are isomorphic as weighted join-semilattices?

Theorem 4.1.  Let } be a join-subsemilattice of a Boolean lattice on an r

element set, weighted by cardinality, such that 0, 1 e J with oj(Q) - 0, <u(l) = r.

TAerz there is a transversal matroid M of rank r on a finite set E such that J(M)

and ] are isomorphic as weighted partially ordered sets; that is, there is a bijec-

tion a: ] —< ?(M) szzcA that

(4.1.1 ) a < A if and only if oia) < a(b)      (a, be]),

(4.1.2) \a\ = \oy(o(a))\       ia e J).

We shall devote the remainder of this section to proving this theorem.   The

proof will be divided into several parts, but first we need a construction.

Let F' be some sufficiently large set.  Corresponding to each a e J we

define a subset F   of F' as follows:
a

(0) Fo = 0.
(1 ) F a e J with (ú(a) = 1, choose distinct elements x, y of F ' and set Ffl-=

|x, y!.  We do this for each a 6 / of weight 1 in such a way that all elements

chosen are distinct: F a C\ F ,= 0 if a, b e J, co(a) = <ó(b) = 1, a 4 A.

(k) If a e ] with <o(a) = k, let /   = ix e /: x < a\.   For each x e Ja, cú(x) < k.

F a=VU:*e/J>set F a=\J\Fx: x e ] a\.  If VU e jj = A < a and co(b) =

I < k, then choose a subset X_ of E ' with |X  I = k - I + 1 where the elements of

X    are different from any chosen previously.   Then set F   = F, UX^.  We do
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this for each element of / of weight k in such a way that X     n X     =0 when-
1 2

ever cu(aj) = <u(a2) = 4 and a^ 4 a2.

The construction ends after we have gone through all elements of /.   The

family of sets ? = (E  : a £ J) obtained is partially ordered by set-theoretic

inclusion.   Let F = Ua£.Fa.

(4.1.3) a < b if and only if Fa Ç Ffc      (a, b £ j).

Thus a 4b implies F   7= F., and the partially ordered sets J and / are isomor-

phic.

By construction it is clear that if a < b then Fa C F¿.  We need to prove

conversely that F   ÇF, implies a <b, and we do this by induction on weight.

It is certainly true by construction if a and b have weight at most 1.   Let k > 1

and assume that F   C F, implies a < b if <u(a)< A, <y(è) < £.  Now consider a,
a —     t? —

è e / with 6)(a) < &, co(è) < k.  We may assume by the induction that one of the

latter is an equality.

We first make the following observation.   For x £ E let /3(x) be the element

of / such that x £ Xg. ..   Thus in the construction x makes its first appearance

in the set Fa, ..   It then follows tot x £ E and c £ J that ßix) < c if and only if

x £ F .

Now if a 4 V „,   *, then Xa40.   Let z £ X.  Since F„ C F,, 2 6 F, ;

hence a =/3(z ) < è.   Thus we may assume a = Vx<   *•   Let p = V  eF  /SCO.
a

Thus F   = F .  Since 2 e F   also implies 2 e F,, 73(z) < a, ¿> for 2 e F   and

hence p < a A b.   Ifp = a, then a < b.   If p < a, then consider x e / with x < a.

We have Fx C F .  Since tu(x), tu(p) < &>(a) = Ä, we have by induction that x < p.

Hence a = Vx <ax S. P'  Since p < a, this implies a = p, a contradiction.  Thus

a = p and a < b.

(4.1.4) The meet operation in the lattice J is set-theoretic intersection.

Let a, 7» e 7 and c = a A b, so that F   = F    A F..   Then F   C F    O F,.
' ' '.cab c —    a b

Suppose there were an x e (F    CiFb)\Fc; thus ß(x)< a, è so that /3(x)< a A

£> = c.   This means x £ F , which is a contradiction.

We let the isomorphism a: J —» J where oía) = Fa carry over thé weight

function of / to J.  That is, we define coiFj)= <a(a) (a £ J).  Since / is a join-

subsemilattice of the Boolean lattice of an r element set with 0 and 1, weighted

by cardinality, / has a spread (a.: 1 < i <r).   Thus (F    : 1 < z < r) is the spread

of 3\   Consider the transversal matroid M = M(E\Fa , • • •, E\Fa ).  We have

several things to verify concerning J and the matroid M.
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(4.1.5) Ifa>A, then \F¿\Fb\ > cùia) -oib) + 1 > 2.

To prove this we apply induction to <u(a).   If <u(a) = 1 then <u(A) = 0 and by

construction F, = 0, \F I > 2.   Thus assume w(a) = k and that the result holds
b a   —

when the weight is less than k.  If there is c e J such that a > c > A, then by

induction |Fc\Ffc| > <u(c)- <a(A)+ 1.  Thus if |Fa\Fc| > <u(a)- <ú(c)+ 1 then

|Fa\F, | > co(a)~ o)(A) + 2.   Thus we might as well assume that there is no such

c.   If x < a implies x < A, then \J\x: x < a\< b.   Thus by construction \F   \F,\ =

(o(a) - &>(A) + 1.   Otherwise there is an x < a such that x tÍ b.   Then <u(x A A) <

<u(x)< k so that by induction A = Fx\F'   .    = Fx\(Fx H F.) has cardinality at

least 0)(x)- tu(x A A)+ 1.   But since / is a join-subsemilattice of a Boolean

lattice and weighted by cardinality, co(x V A) + <u(x A A) < ca(x) + u>(b).  Since

A < x V A < a, we have a = x V A.   Thus ty(a) - <u(A) < <u(x) - co(x A A).  Since

A C F   \F   and |A| > w(a) - co(b)+ 1, we are done.

(4.1.6) The family (f\f„ , • • •, F\f   ) has a transversal.
aj ar

We need to show that the condition for the existence of a transversal is

satisfied here. We calculate that for 0^KC|l,'",r}

U fV
¡eK

E\n F£K    a.
FI-  F.

where z = Ala.: i e K\. But since (a.: I < z < r) is a spread of /, <u(/\ eKa.)<

r- |K|; otherwise we conttadict the definition of a spread. Thus <u(z)< r - \K\.

If we apply (4.1.5) with a = 1 (F   = E) and A = z, we have

l£\Fz|>r-<a(z)+ 1 >r-(r-|K|)+l = \K\ + 1.

Thus we have a transversal.

(4.1.7) For a e],Fa is a flat of M.

Let a>(a) = r - k.   Then exactly k members of the spread (a¿: 1 < z: < r), say

aj, • • •, a,, satisfy a.>a (i = 1, • • •, k) and a = A(a¿: 1 < i < ¿).  Since ? is

lattice isomotphic to / via o(a) = Fa, Fa = C\(Fa : 1 < i < k).  Thus
i

F    O (e\f   ) = 0        (1 < z < fe).
a i

Now let x e f\f .  Thus x e N*   ,(e\f   ).  K B is a maximum pattial trans-
a ^^ i -1 a •

versai contained in F    (thus the rank of F   in M is |ß|), then B U x is also a

partial transversal.   Thus F is closed and therefore a flat of M.
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(4.1.8) It a £ J has weight r - k, then the flat Ffl of M has rank equal to

r - k.   Thus the rank function coincides with the weight function on j .

Since &>(a) = r - k, there are exactly k members of (a¿: 1 < » < r), say <Jj,

• • •, ak, which are greater than or equal to a.   Thus Ffl Ç Fa   (1 < » < k).  Con-

sider the family iip\F a ) O Ffl: k + 1 < i < r) of subsets of F .  We show that
i

this family has a transversal which will prove piF) = r - k.   Let X C {k + 1, • ••> rj.

Then

U  (E\Fa) nFa| = |(E\n Fa)n Fa|=   Fa\n(Ea.OFa)|.

Let ^76KFa.OFa = Fè'  Since Fa=ni = 1Fa., at least A+|K| members of the

spread (Ffl : 1 < i< r)of J contain Ffr.   Thus cw(F¿)< r - ik + |X|), and so by

(4.1.5)

|Fa\Ffc| > coia) - coib) +l>r-k-ir-ik + \K\)) + 1 = |X| + 1.

Thus the defined family has a transversal, which proves the statements made.

(4.1.9) For a £ J, the flat Ffl of M has no coloops.

We prove this by induction on p(Efl) = £U(Ffl).   If piF J) = 0 or 1, this is true

by construction.   Let p(F )= k > 1, and assume the result is true for rank smaller

than k.  Suppose first a = \J        x.   Then F   = \J   <    F    and by induction each

F    is a flat of M with no coloops.  Since the join of flats with no coloops of a

matroid has no coloops, this proves  F    has no coloops.   Suppose now  \Zx<ax =

b < a and thus piFb) < k. Since by induction F.  has no coloops, no element of

Fb can be a coloop of Ffl.   But Efl = Fft U Xfl where |Xj = piFa)- piFb) + 1.

Thus if B is a maximal independent set of M contained in F,, then B U (X \x)

is a maximal independent set contained in E .  Thus no element of X    is a co-

loop of F , and F    has no coloops.

Finally we show

(4.1.10) If F is a flat of VI with no coloops, then F =F a for some a £ J.

Consider a flat E of M with no coloops and let p(E)= r - k. Since M =

M(E\Fa , • • •, e\f   ) where F     is a flat with no coloops of M (1 < i < r), then

\ 1 \ r '
ÍE\F    ,-",E\F   ) is the maximal presentation of M.  Thus (F    , • • •, F   )

a, ar aj ar

is the spread of ?(M) (recall it was defined to be the spread of 'S).  Thus since

piF) = r - k there are exactly k members of (F    , • ■ •, F    ), say Fa , • • •, Fa
\ r 1 k
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which contain F.   Thus F = f)k._x Ffl .   But by (4.1.4) 0*_j Fa  = Ffe for some

be].  Thus F = Fh.

This now completes the proof of Theorem 4.1.
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