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ABSTRACT. We investigate join-semilattices in which each element is
assigned a nonnegative weight in a strictly increasing way. A join-subsemi-
lacttice of a Boolean lattice is weighted by cardinality, and we give a char-
acterization of these in terms of the notion of a spread. The collection of
flats with no coloops (isthmuses) of a matroid or pregeometry, partially
ordered by set-theoretic inclusion, forms a join-semilattice which is weighted
by rank. For transversal matroids these join-semilattices are isomorphic to
join-subsemilattices of Boolean lattices. Using a previously obtained char-
acterization of transversal matroids and results on weighted join-semilattices,
we obtain another characterization of transversal matroids. The problem of
constructing a transversal matroid whose join-semilattice of flats is isomorphic
to a given join-subsemilattice of a Boolean lattice is then investigated.

1. Introduction. We are motivated by a recent study [3] of transversal matroids
in which a characterization of transversal matroids is given in terms of the join-
semilattice of flats with no coloops (isthmuses). The characterization depends
on an algorithm used to construct a family of flats. We consider here the more
general situation of a join-semilattice | in which each element has assigned to
it a nonnegative weight where the only assumption is that weight is a strictly
increasing function on J. We introduce the concept of a spread for such a weighted
join-semilattice, show a spread is unique if it exists at all, and give a char-
acterization of join-semilattices of a finite Boolean lattice which are weighted
by cardinality. Making use of the characterization of transversal matroids given
in [3], we then give an alternate characterization which has the advantage of not
depending on an algorithm. Finally we consider the problem of constructing a
transversal matroid such that its weighted join-semilattice of flats with no coloops
is isomorphic to a given join-subsemilattice of a Boolean lattice.

A family of objects differs from a set in that the objects may be repeated.
We use parentheses ( ) to denote families and braces { } to denote sets. If E is a
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set and U = (aji€ I) is a family of elements of E, then for x € E we define the
multiplicity of x in U by

m¥, x) = |{i €I: a,; = x}|.

This multiplicity may be 0. If ?ll, ?12 are two families of elements of E, we
write ?Il < %[2 provided m(?ll, %)< m(%[z, x) for all x € E. We consider two
families to be identical if m(¥,, x)= m(?lz, x) for all x € E. The cardinality
12N of a family ¥ is defined by 1%l = |1].

2. Weighted join-semilattices. A join-semilattice is a partially ordered set |
such that each pair 4, b of elements of | has a least upper bound, which is denoted
by @ V b. A nonempty collection of subsets of a set E which is closed under
union is a join-semilattice; the partial order is set-theoretic inclusion. Such a
join-semilattice is a join-subsemilattice of the Boolean lattice B(E) of all sub-
sets of E. A finite join-semilattice has a maximal element which we usually
denote by 1; it need not have a minimal element but, if it does, it is usually de-
noted by 0. It is well known that a finite join-semilattice with a minimal element
is a lattice [1].

If P is a partially ordered set, then a mapping @ from P to the nonne gative
integers is a weighting of P if a < b implies w(a)< w(b) (a, b € P), A weighting
of P need not be a grading [1] of P, for we do not assume that w(b)= w(a) + 1 if
b covers a. If E is a set and P is a collection of subsets of E partially ordered
by set-theoretic inclusion, then w(A)= |A| defines a weighting of P. A partially
ordered set with a specific weighting is called a weighted partially ordered set.

Let P be a weighted partially ordered set with a maximal element 1 and set
(1) =r. Thus any chain has length at most 7. A spread of P is a family ¥ =
(a;: i € I) of elements of P such that the following condition holds: if x € P with
wkx)=r-k (0< k<r), then

(2.0.1) Hiela,>xl =k

In other words, exactly k£ members of U are greater than or equal to x if w(x) =
r — k. If P has a minimal element 0, then clearly the cardinality [|2| of the
spread ¥ equals 7 — w(0). Thus if @(0)= 0, a spread of P has exactly 7 = (1)
elements. The notion of a spread arose in a characterization of transversal
matroids [3], which will be fully explained in due course.

Theorem 2.1. If the weighted partially ordered set P with maximal element
bas a spread, the spread is unique.

Proof. Suppose ¥ is a spread of P, and let w(l)=7. Let a € P with w(a) =
r — k. Then from (2.0.1) we conclude that the multiplicity of @ in ¥ is given by
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2.1.1) m, @)= k- Y m¥,x).

x>a
This implies, in particular, that % m(, x)< k. The equation (2.1.1) along
with m(, 1) = 0 furnishes a recursion formula for the multiplicities of elements
of Pin . Since these multiplicities are uniquely determined, so is the spread
.

The proof of Theorem 2.1 gives an algorithm for determining a spread if one
exists. If there is no spread, then there is some element @ of P with w(a)=r -k
such that 2 m(¥, x)> k.

The next theorem furnishes examples of weighted partially ordered sets which
have spreads. Theorem 2.3 will then show that these examples are not very
special.

Theorem 2.2. Let | be a join-subsemilattice of the Boolean lattice on a set
E with |E| =r. Suppose E is the maximal element of |, and let | be weighted by
the cardinality function. Then

(2.2.1) ] has a spread U, and |U|| =7~ In {A: A 6]}'.

2.2.2) (¥, 4) = I(n X:ACX e]) —l1Al @ ep.

Proof. The assumption that E is the maximal element of [ is one of con-
venience. If this were not the case, E would be replaced by a smaller set.

Let A € J with |A| =7 - k. We need to show that m(¥, A)=k -~
zAC;Xe] m®, X)and m(¥, E) = 0 allows us to define ¥ recursively. This is
surely true for k= 0 (that is, A = E). We proceed by induction on k. Let A € |
with |A| =7 - k. Let X, »***, X, be the members of ] which strictly contain A.
Thus |X,|=r -k where k. <k (1<i<¢). Since ] is a join-semilattice, X; U
e+UX; €] whenever 1< <eee<i <tilet X, U +er UX, | =7k, ..l.is

S S
where k; < k. Thus by induction the recursion has produced kl. ...; mem-

vel
S

s
bers of ¥ that contain X; U+ UX; . Hence by the principle of inclusion-
1 s

exclusion exactly

n= Zki— > k., . + > E. . . =eee

t 19141
. . . 1 2 . . . l 2
1sist 1sij<i,st 1Si <iy<i,st 3

members of ¥ that strictly contain A have been produced. But
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Since ACX, (1<i<1),4 gn:.ﬂxi sothat |[;_, X |>r-kandn<r-
(r — k)= k. Thus we can define m@, A)by k—=n>0. But k-n=k-
c-1N;_ X;D= IN;_ X|-C-k= ln?=l X, - |A|. Thus we have proved
that | has a spread and that (2.2.2) is satisfied.

We have yet to prove that |¥|| =r—- |N{A: A € J}|. This is surely true if
Be]. If B¢, then J*=] Ui} is a join-subsemilattice of the Boolean lat-
tice on E and has a spread ¥ *where |2 *|| = 7. But

12 = 2] - m(T*, $) = r - (n X: X € ;)

according to (2.2.2), and this establishes the formula for [|¥|.

Corollary 2.3. If U= (A i€ ]) is the spread of the join-subsemilattice |
of the Boolean lattice on E, then for A € ],

(2.3.1) (ﬂx:A G X e])=(ﬂAi:A§Ai,iel).

Proof. The set on the right side of (2.3.1) surely contains that on the left.
Suppose now that A & X € J but X £ A_ (i € I). Then arguing by induction
(IX| > |A]), and using (2.2.2) we conclude that

X= (ﬂ,Y, XGY e.]) = (ﬂAi: XGA,i eI).

Thus if A & X € ], then either X = A!. for some i €] orelse thereis JC I
such that X =, jA; Since AG X, A G A, (i€]) and this establishes (2.3.1).
Consider the join-semilattice | of Theorem 2.2 and its spread U =
(Api€l). Let A€ ]andlet ¥, be the subfamily of U consisting of all mem-
bers A of Ywith ACA,. U, is the spread of the interval [4, E] of J. Then
for A,B€]J,ACB ifand only if U3 < U,. Forif ACB, thensurely U, <U,.
On the other hand if ;< ¥ ,, then B € U implies B € U, so that AC B,
while B ¢ ?IB implies B¢ ¥ (i.e. m(¥, B) = 0), which by (2.2.2) and (2.3.1)
implies
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B=)A ;A E?IB) p} n(Al.: A, e?lA) DA,
Thus A C B. Hence the partial order of ] is determined by the partial order on
the &, (4 €)).
If J, and ], are two join-semilattices, an injection 0: J, — ], is a semi-
lattice monomorpbism if o(a V b) = o(a) V o(b) for all @, b € ],. We shall be

interested now in weighted semilattices which are isomorphic where the isomor-
phism preserves weights.

Theorem 2.4. Let | be a weighted join-semilattice with w(1)=r. Let E be
a set with |E| =r. Then there is a semilattice monomorphism o: | — B(E), the
Boolean lattice on E, such that w(a)= |o(a)| for all a € | if and only if | has a
spread of at most r elements.

Proof. By Theorem 2.2 if such a o exists, | has a spread with at most r ele-
ments. Suppose now | has a spread U = (a;: i € I) with &)= |1|<7r. Forac€],
let I, =li€l:a,>al. Thus if w@)=r-k, |l |=k. Wedefine amapr:]—
B(I) by r(a) = I\I . Thus fora, b€ J,r(a V b)= 1\14Vb. But I, =1, NI;
forif a;>a Vb, then a,>a,bsothac I\, CI NI, while ifa, € I, N1, then
a;>a,bandthusa;>a Vbsothatl NI, Cl . This means that

fa V5 =N, 0 1) = (\1) UGNE) = @) U D).

Suppose that for some @, b € | with a £ b, we have 7(a) =r(b). We may suppose
that b£ @ sothat @ V b > a. Then, by the above, 7(a V b) = 7(a) U r(b) = 7(a).

Thus I/, =1,. Butsince w(@ V b)> w(a), l’aVbl <|1,|, and we have a con-
tradiction. Thus 7 is a semilattice monomorphism from J to B(I). We calculate

that for a € |

[f@)| = 1] = |1, = || - (r - @) = w(a) - (r - 1]},

where r— |[|> 0. Let t=r~ |I| and let I*be a ¢ element set with I ni*-g.
Then |1 UI*| =7 and o: ] = B(I UI%)defined by o(@) = (@) U 1" is a semi-
lattice isomorphism with |o(a)| = |r(2)| + t = w(a). This completes the proof of
the theorem.

3. Application to transversal matroids. A characterization of transversal
matroids is given by Brualdi and Dinolt [3]. We shall use the result of §2 to
give an alternate formulation of it. But first we review briefly matroids, in
general, and transversal matroids, in particular; for further details we refer the
reader to [3] and the references contained within.

Let E be a finite set. A matroid [S1M on E (or combinatorial pregeometry
[4]) is a nonempty collection of subsets of E, called independent sets such that
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(i) a subset of an independent set is independent (thus Z€ M) (ii) 4|, A, € M
with |A,| < |A,| imply A, U {x} € M for some x € Az\Al‘ Each subset X of E
has a well-defined rank p(X) which equals the common cardinality of all maximal
independent sets contained in X. The rank of the matroid M equals p(E). For
XCE,M, = {A: A e M, AC X} is a matroid, called the restriction of Mto A. A
closure relation can be defined on the subsets of E by defining X to be the largest
subset of E containing X which has the same rank as X. Those subsets F of E
with F = F are called flats. The collection £M) of flats of M, partially ordered
by set-theoretic inclusion, form a geometric lattice [4). If X C E, then x € X is
a coloop or isthmus of X if p(X\{x}) = p(X) - 1. The collection FM) of flats of
M which have no coloops forms a join-subsemilattice of £(M). Given a pair F 19
F, of flats in FM) with F, C F,, such that no other flat of FM) lies between
F, and F,, then the interval [Fl, FZ] of £M) consists of all sets of the form

F, U A where AC F,\F,, |A| < p(F,)- p(F|)- 1, along with F,. Thus the
flats of F(M), given as subsets of E with their rank, determine all flats of £M)
as sets and thus the partial order of £M); that is, they determine the lattice
£Mm).

A matroid M on E is a transversal matroid provided there is a family (4,,
-+, A,) of subsets of E such that M=M@,,---, A), the collection of partial
transversals of (Al’ see, A"). If M is a transversal matroid of rank 7, then there
are rsets Aj,++-, A suchthat M=M@ .-+, A). The family (A,-+-,A) is
called a presentation of M. We recall Hall’s theorem which says that the family
Apeeey Ar) has a transversal (thus a system of distinct representatives) if and

only if

lel (KS{I,"', f!).

U 4,

i€K

Now let M be an arbitrary matroid of rank 7 on the finite set E. We regard
the join-semilattice F(M) as a weighted join-semilattice by letting w(F) = p(F)
for F € FM). The unique flat in F(M) of weight O is the closure of the empty
set. In the terminology of $2 the characterization of transversal matroids given
in [3] is the following: M is a transversal matroid if and only if FM) has a
spread (F,,***, F,) where p(nieKFi)S r—|K| (KC{1,+++, 7). I is also
proved in [3] that if M is a transversal matroid, then M = ME\F LN E\F s
indeed (E\F 1P E\F ,) is the maximal presentation of M. This means that
we cannot enlarge any of the sets E\\Fl, e, E\F , and still have a presenta-
tion of M. It is enough to know that the sets F,--+, F_ have no coloops, in
order to conclude that (E\Fl, LERN E\ F,) is the maximal presentation of M

(11 and 3]).
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I G,, G, are flats in £M) with G, CG,, then S:(M)[Gl'czl denotes the
join-subsemilattice of £(M) consisting of all flats of £M) with no coloops which
lie in the interval [G,, G, of £M). Note thae FM) = FM)g 51, and that
ff(M)[Gl'Gzl is a join-subsemilattice of F(M). We regard ?(M)[GI’GZ] as weighted
by rank (or we could assign F € ?(M)[G l'GZ] the weight p(F) - p(G,)).

Theorem 3.1. Let M be a matroid of rank r on the finite set E. ThenM is a
transversal matroid if and only if for all G, G, € M) with G,CG, the weighted
join-semilattice f]:(M)[G 6.1 bas a spread of at most p(Gz)_ p(Gl) members or,

1"2

equivalently, there is a weight-preserving join-semilattice isomorphism from
3"(M)[G X'GZ] to a Boolean lattice on an p(Gz) - p(Gl) element set.

Proof. By Theorem 2.4 the two criteria are equivalent. Suppose first that M
is a transversal matroid of rank 7. Then F(M) has a spread (F et F ). Let
G € £M) with p(G) =r - k. Then those members of (Fioeee, F') which contain
G are the members of a spread of ff(M)[G.E]. Let this spread be (F pi k€K
where KC1i1,-+-, 7} Since p (N, (F,)<7 - |K|and since G C nieKFi we
have p(G)=r - k< p( nieK F,), and we conclude that |K| < k. Thus .‘}'(M)[G’E]
has a spread of at most k members where k = p(E) - p(G). Since MG2 is a trans-

versal matroid of rank p(G,)on G, and ?(M)[Gl G.] is isomorphic to
2

?(MGZ)[GPGZ], we conclude that ff(M)[G 1’62] has a spread of at most p(G,) -
p(Gl) members for any G, G, € £M) with G,CG,.

Suppose now M is a matroid of rank 7 such that for all G € £, ?(M)[G,E]
has a spread of at most r — p(G) members. Thus, in particular, FM) has a spread
(Fyy+++, F,) with r members. Suppose for some KC 11,4, 7, p( nieKFi)> r-
|K|. Let G = nieleFi' Then ?(M)[G,E] has a spread with at most 7 - p(G) mem-
bers. But a spread of ?(M)[G,E] consists of all members of the spread of FM)
which contain G; thus Fi (i € K) are members of the spread of "‘F(M)[G,E]‘ We
conclude that |K| <7 - p(G) or p(G)< 7 - |K|, and this is a contradiction. Hence
p(N ;e F<r-|K| (KCHL,---, r})and M is a transversal matroid.

We mention one application to an interesting class of matroids. Let E be a
set and {X 1< i< k}a collection of subsets of E such that (i) [X,|>7r -1 A <i<k)
and (ii) every 7~ 1 element subset of E is a subset of exactly one of X,**, X,.
Then [4] the set E, the X, (1 <i< k), and all subsets A of E with |[A| <7 -2 are
the flats of a geometry (therefore matroid M) on E of rank 7. Such a geometry is

called a Hartmanis geometry [4]. In this case F(M) consists of those X i with
|X,| >7 (these are flats of rank r - 1), &, and possibly E. Thus F(M) has a
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spread if and only if |J| <7 where J =1i:1<i<k, |X|>rk The spread is then
(X;: 1€ ]) along with the & with the correct multiplicity to give r sets in total.

Theorem 3.2. The Hartmanis geometry M is a transversal geometry if and
Only i/ |n,-e,X,-| S r- lll (I.C.. ]’ “l 2 2)°
If 1], 1> 2, then p(N, ., XD =N, X\

4. Construction of transversal matroids. Let M be a transversal matroid of
rank 7 on a finite set E, and let F(M) be the join-semilattice of flats with no
coloops, weighted by rank. Then we know there is a join-subsemilattice | of the
Boolean lattice on an r element set such that (M) and ] are isomorphic as
weighted join-semilattices. Since F(M) has a minimal element ¢, F(M) is a
lattice. (Note, however, F(M) is not in general a sublattice of £(M); it is, how-
ever, a join-subsemilattice of £(M).) We consider the following question. Sup-
pose ] is a join-subsemilattice with minimal element of the Boolean lattice on an
r element set, weighted by cardinality. Is there a transversal matroid M of rank 7
such that (M) and | are isomorphic as weighted join-semilattices?

Theorem 4.1. Let | be a join-subsemilattice of a Boolean lattice on an r
element set, weighted by cardinality, such that 0,1 € J with w(0)= 0, w(1)=r.
Then there is a transversal matroid M of rank r on a finite set E such that Fm
and | are isomorphic as weighted partially ordered sets; that is, there is a bijec-
tion 0: ] — FM) such that

(4.1.1) a<b if and only if 0(a) < o(b) (a,b€]),

(4.1.2) la] = lolol@)|  (a € ).

We shall devote the remainder of this section to proving this theorem. The
proof will be divided into several parts, but first we need a construction.

Let E' be some sufficiently large set. Corresponding to each a € | we
define a subset F, of E' as follows:

©0) Fy=2.

(1) ¥ a € | with w(a) = 1, choose distinct elements x, y of E' and set F =
{x, y}. We do this for each @ € ] of weight 1 in such a way that all elements
chosen are distinct: F, NF, = Zifa, be ], w@)=wb®)=1,atb.

(1;) If ac]withw(@)=*k, let J,={x € J: x<al. Foreach x € ], w(x)<k.
Ifa=Vix:ixe]} set F,=UlF:xe] . ¥Vixe] }=b<aand w®)=
I < k, then choose a subset X, of E'with IXaI =k ~1+1 where the elements of
X, are different from any chosen previously. Thenset F, =F, U Xa. We do
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this for each element of | of weight £ in such a way that x“l N Xa2 =@ when-

ever m(a1)= w(a2)= kand a; £ a,.

The construction ends after we have gone through all elements of J. The
family of sets ¥= (Fjra€ ]) obtained is partially ordered by set-theoretic
inclusion. Let E = U

ae] a

(4.1.3) a<bifandonly if F,CF, (a, b €]

Thus @ # b implies F £ F, and the partially ordered sets ¥ and J are isomor-
phic.

By construction it is clear that if @ < b then F C F . We need to prove
conversely that F, C F, implies @ < b, and we do this by induction on weight.
It is certainly true by construction if @ and b have weight at most 1. Let k> 1
and assume that F, C F, implies a < b if w(a)< ky w(b)< k. Now consider a,
b€ J with w@)< ks w(b)< k. We may assume by the induction that one of the
latter is an equality.

We first make the following observation. For x € E let B(x) be the element
of ] such that x € X g Thus in the construction x makes its first appearance
in the set F,B(x)‘ It then follows for x € E and ¢ € | that B(x)< ¢ if and only if
X €F_.

Now if a4V, _ % then X £&. Let z€X,. Since F,CF,,z€F;
hence a = B(z)< b. Thus we may assume a =V __x. Let p= vzeFa Bz).

Thus F, =F,. Since z€F, also implies z € F, B(z)< a, b for z € F_and
hence p<a Ab. If p=a,then a<b. If p<a,then consider x € | withx < a.
Ve have F_CF »* Since w(x), w(p) < w(a) =k, we have by induction that x < p.
Hence a=V, _,
a=pand a<b.

x < p. Since p < a, this implies @ = p, a contradiction. Thus

(4.1.4) The meet operation in the lattice F is set-theoretic intersection.

Leta,be Jandc=a Ab,sothat F_=F, /\F Then F_CF, NF,.
Suppose there were an x € (F, NF )\F ; thus B(x) < a,bso that ﬁ(x) <a /\
b=c. This means x € F, whxch is a contradxcuon

We let the isomorphism 0: ] — F where o(a) = F o carry over the weight
function of J to F. That is, we define w(F 2)=©@) (a €]). Since ] is a join-
subsemilattice of the Boolean lattice of an r element set with 0 and 1, weighted
by cardinality, ] has a spread (a;:1 < i<r). Thus (F :1<i<7r) is the spread
of F. Consider the transversal matroid M = M(E\F o E\F ) We have

several things to verify concerning ¥ and the matroid M.
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4.1.5) If a> b, then IFa\Fb| > wla) - wd) +1>2.

To prove this we apply induction to w(a). If w(a)=1 then w(b)= 0 and by
construction F, =&, |F | >2. Thus assume w(a) =k and that the result holds
when the weight is less than k. If there is ¢ € ] such that @ > ¢ > b, then by
induction |F_ \F | > () - w(b) + 1. Thus if |F, \F | > w(@) - w(c) + 1 then
IF \F | > w(a)- w(b) + 2. Thus we might as well assume that there is no such
c. If x < a implies x < b, then V {x: x < a} < b. Thus by construction |F \Fb|-
(@) - w(b) + 1. Otherwise there is an x < @ such that x £ b. Then w(x A b)<
w(x)< k so that by induction A = Fx\ Fong= Fx\ (F, NF,) has cardinality at
least w(x) - w(x A b)+ 1. But since | is a join-subsemilattice of a Boolean
lattice and weighted by cardinality, w(x V 8) + @(x A b)< w(x) + w(b). Since
b<xV b<a,wehave a=x Vb. Thus w(@)- o)< wx)-wlx Ab). Since
AC Fa\Fb and |A| > w(@) - w(b) + 1, we are done.

(4.1.6) The family (E\F ap? " E\F"z ) has a transversal.

We need to show that the condition for the existence of a transversal is
satisfied here. We calculate that for & £ KCil,+++ 7}

U B\, |- BN F,

= |E| - |F,|
i€K i€K )

where z = Ala;: i€ Kl. Butsince (a;:1<i<7) is aspread of ], o(A g a
r-|Kl; otherwxse we contradict the defmmon of a spread. Thus w(z)<r - |K|
If we apply (4.1.5) with a=1 (F, = E) and b = z, we have

IENF_|2r-w() +127-(=|K)+1=|K| + 1.

Thus we have a transversal.

4.1.7) For a €], F  is a flat of M.

Let w(a)=r - k. Then exactly k members of the spread (e,:1 <i<7), say
ay,+e,a,, satisfy a,>a (i=1,"++, k)and a = Afa;:1<i<k). Since Fis
lattice isomorphic to | via ofa) = F, Fa = n(Fa :1<i<k). Thus

i

F,Nn(E\F,)=g (1<ighh.

Now let x € E\F Thus x € U’“ (E F, ) If B is a maximum partial trans-

versal contained in F, (thus the rank of F in M is |B]), then BU x is alsoa
partial transversal. Thus F is closed and thetefore a flat of M.
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(4.1.8) If a € | has weight 7 — k, then the flat F, of M has rank equal to
r — k. Thus the rank function coincides with the weight function on 3.

Since w(a)=r - k, there are exactly k members of (ai: 1<i<r), say a,
-+, a,, which are greater than or equal to @. Thus F,CF, (1<i<k). Con-

sider the family ((E\F ) NF_: k+1<i<r) of subsets of F We show that
this family has a transversal which will prove p(F)=r—-k. Let KCi{k+1,e047k

Then
g QUENEAE

Let nzeK NF,=F,. Since F, _n’“ ap 3t least &+ |K| members of the

spread (F, l <i<r)of ¥ contain Fy. Thus a)(Fb)< r - (k + |K|), and so by
1

(4.1.5)

|Fa\Fb| >o@-w®)+1>r=k=(-Gk+|K))+1=|Kl+1.

U (E\F, )nF

i€K

P\n(F nF)

i€eK

Thus the defined family has a transversal, which proves the statements made.

“4.1.9 For a €], the flat Fa of M has no coloops.

We prove this by induction on p(F )= o(F ). If p(F )= 0or 1, this is true
by construction. Let p(Fa) =k > 1, and assume the result is true for rank smaller

than k. Suppose first a=\/__ %. Then F =\/ __F_ and by induction each
F is aflat of M with no coloops. Since the join of flats with no coloops of a
matroid has no coloops, this proves F, has no coloops. Suppose now \/ x<a®
b < a and thus p(F,) < k. Since by mducuon F, has no coloops, no element of
F, can be a coloop of F,. But F,=F,UX, where |X¢| =p(F)-p(F,)+1.
Thus if B is a maximal independent set of M contained in F p» then B U (X a\x)
is a maximal independent set contained in F,. Thus no element of X is a co-
loop of F,, and F, has no coloops.

Finally we show
(4.1.10) If F is a flat of M with no coloops, then F = F, for somea €].
Consider a flat F of M with no coloops and let p(F)=r — k. Since M=
M(E\F eee, E\Fa ) where F is a flat with no coloops of M (1<i<r7), then
1 r i
(E\F E\F ) is the maximal presentation of M. Thus (F, l,"' F, )

is the sptead of ?(M) (recall it was defined to be the spread of ). Thus smce
p(F)=r - k there are exactly k members of (F"l’ ., Fa ), say Fal,---, F“k
r
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which contain F. Thus F = n?:l F, . But by (4.1.4) nf:l F, =F, for some
1 1

be]o ThusF=Fb.
This now completes the proof of Theorem 4.1.
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